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1 The Marcinkiewicz Interpolation Theorem (cont.)

Today’s lecture was given by a guest lecturer, Alpar Mészaros.

1.1 Continuation of the proof

Last time, we were proving the Marcinkiewicz interpolation theorem.

Theorem 1.1 (Marcinkiewicz interpolation theorem). Let F be the set of measurable
functions on Y. Let 1 < pg,p1,qo,q1 < 0o be real numbers such that pg < qo, p1 < q1, and
qo # q1. Let t € (0,1), and let p,q be defined as
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Assume that T : LPO(u) + LP(u) — F be sublinear and of weak type (qo,po) and (q1,p1)
(there are co,c1 > 0 such that if qo, q1 # 00, (aqO/\T(f))l/qO < collfllp, and (aql)\T(f))l/ql <
c1l|fllp, ). Then the following hold:

1. T is strong type (p,q) (there exists B, > 0 such that ||Tf||; < Byl fllp for all f €
LP(p)).

2. If po < 00, then limy, ) By|lpo — p| < co. If p1 < oo, then lim,_,, Bp|p1 — p| < co.
If po = o0, (Bp) remains bounded as p — po. If p1 = oo, (Bp) remains bounded as
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Proof. The general idea is the decompose the function f into two parts: for A > 0, cut
off the function f if it exceeds A. So if E(A) = {x : |f(x)| > A}, we define hy =

Jlx\g) + Alga) and g4 = f — ha. First assume qo # ¢q1, and assume qo, g1 < oo. Take
q as in the theorem. If f € LP° 4 [P then
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Since T is sublinear, we have Arr(2a) < Apg, (o) + A, (o) for all o, A > 0 (independently
of each other). We get, after a change of variables,
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Combing back to ||Tf||4, we get
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where
(o, B) == 1j(a, B)Bpﬂ'_1)\f(ﬁ)a(q—qj—1)pj/%‘,

1o is the indicator of {(a, 8) : B > A}, and 1; is the indicator of {(«a, ) : < A}.
In remains to study the terms separately with a special choice of A. Using Minkowski’s
inequality,
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Choose o > 0 and set A = a”. Then a < /9. The inside of the above integral for j = 0
is (for a special choice of o),
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The other term is similar. We will finish the proof next time. O
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